In this paper we use the concept of entangled graphs with weighted edges and present a classification of four-qubit entanglement. Entangled graphs, first introduced by Plesch et al [Phys. Rev. A 67 (2003) 012322], are structures such that each qubit of a multi-qubit system is represented as a vertex and an edge between two vertices denotes bipartite entanglement between the corresponding qubits. Our classification is based on the use of generalized Schmidt decomposition (GSD) of pure states of multi-qubit systems. We show that for every possible entangled graph one can find a pure state such that the reduced entanglement of each pair, measured by concurrence, represents the weight of the corresponding edge in the graph. We also use the concept of tripartite and fourpartite concurrences as a proper measure of global entanglement of the states. In this case a circle including the graph indicates the presence of global entanglement.
Introduction
Entanglement, first noticed by Einstein, Podolsky, and Rosen [1] and Schrödinger [2] , is at the heart of quantum mechanics. The interest on quantum entanglement has dramatically increased over the last two decades due to the emerging field of quantum information theory. It turns out that quantum entanglement provides a fundamental potential resource for communication and information processing [3, 4, 5] . A pure quantum state of two or more subsystems is said to be entangled if it is not a product of states of each components. On the other hand, a bipartite mixed state ρ is said to be entangled if it can not be expressed as a convex combination of pure product states [6] , otherwise, the state is separable or classically correlated. It is, therefore, of primary importance testing whether a given state is separable or entangled. For systems with dimensions 2 ⊗ 2 or 2 ⊗ 3, there exists an operationally simple necessary and sufficient condition for separability, the so called Peres-Horodecki criterion [7, 8] . It indicates that a state ρ is separable if and only if the matrix obtained by partially transposing the density matrix ρ is still positive. However, in higher dimensional systems this is only a necessary condition; that is, there exist entangled states whose partial transpose is positive.
On the other hand it is interesting to ask how strongly the two subsystems are entangled. From several approaches introduced to quantify entanglement, the entanglement of formation, which in fact intends to quantify the resources needed to create a given entangled state [5] , has attracted much attension . Remarkably, Wootters [9] has shown that entanglement of formation of a two-qubit state ρ is related to a quantity called concurrence as E(ρ) = h
is the binary entropy function and C(ρ) is the concurrence of the state ρ, defined by
where the λ i are the non-negative eigenvalues, in decreasing order, of the non-Hermitian matrix ρρ. Hereρ is the matrix given byρ = (σ y ⊗ σ y ) ρ * (σ y ⊗ σ y ) where ρ * is the complex conjugate of ρ when it is expressed in a standard basis such as {|00 , |01 , |10 , |11 } and σ y represents Pauli matrix in the local basis {|0 , |1 }. Furthermore, the entanglement of formation is monotonically increasing with the concurrence C, and thus the concurrence itself may be used as a measure of entanglement.
Bipartite pure state entanglement is almost completely understand by means of Schmidt decomposition [10] . Schmidt decomposition allows one to write, by means of local unitary transformation, any pure state shared by two parties A and B in a canonical form, in the sense that all the non-local properties of the state are contained in the positive Schmidt coefficients. Accordingly, any two-qubit pure state |Ψ 2 ∈ C 2 ⊗ C 2 can be written in the following form [10] (the subscript indicates the number of qubits)
In this sense any two-qubit pure state is separable if αβ = 0, i.e. if one of the Schmidt coefficients α, β is zero, or entangled if αβ = 0. For three-qubit pure state, there is no a straightforward generalization of Schmidt decomposition in terms of three orthogonal product states [11] . A generalization of two-qubit Schmidt decomposition for three-qubit pure states have presented by Acín et al in [12] . They have shown that for any pure three-qubit state there exist a local bases which allows one to build a set of five orthogonal product states in terms of which the state can be written in a unique form as
They have also presented a canonical form for pure states of four-qubit system as [13] |Ψ 4 = α|0000 + β|0100 + γ|0101 + δ|0110 + ǫ|1000 + ζ|1001
A multipartite generalization of the Schmidt decomposition for pure states of a general multipartite system have presented by Carteret et al [14] .
Multipartite entanglement refers to nonclassical correlations between three or more quantum particles, and characterization and quantification of them is far less understood than for bipartite entanglement. In the case of multipartite entanglement there are various aspects of entanglement and, in particular, it is no longer sufficient to ask if the particles are entangled, but one needs to know how they are entangled. There are different ways that the multipartite state ρ can be entangled from which the bipartite entanglement, i.e. the entanglement of the reduced density matrix ρ kl , is only a certain aspect of the multipartite entanglement properties of ρ. For example for three-qubit states, apart from separable and biseparable pure states, there exist also two different types of locally inequivalent genuine tripartite entangled states: the so-called Greenberger-Horn-Zeilinger (GHZ) type [15] and W type [16, 17] , with representatives
(|001 + |010 + |100 ), respectively. States belonging to GHZ and W types cannot be transformed into each other by local operations and classical communication (LOCC).
The entanglement properties of a multi-qubit system may be represented mathematically in several ways. In [18] , Dür has investigated the entanglement properties of multipartite systems, concentrating on the bipartite aspects of multipartite entanglement, i.e. the bipartite entanglement that is robust against the disposal of the particles. In this sense, the two qubits belonging to a multipartite system are entangled if their reduced density matrix is entangled. He has introduced the concept of entanglement molecules, i.e. structures such that each qubit is represented by an atom while an entanglement between a pair of qubits is represented by a bound. He has shown that an arbitrary entanglement molecule can be represented by a mixed state of a multiqubit system. On the other hand, Plesch et al [19, 20] have introduced the concept of entangled graphs such that each qubit of a multipartite system is represented as a vertex and an edge between two vertices denotes bipartite entanglement between the corresponding qubits. They have shown that any entangled graph of N qubits can be represented by a pure state from a subspace of the whole 2 N -dimensional Hilbert space of N qubits. Recently a classification of entanglement of three-qubit states based on their three-qubit and reduced two-qubit entanglement has presented [21] .
In this Letter we turn our attention to entangled graphs and associate a pure four-qubit state to each graph of order 4. This, naturally, leads to a classification of entanglement in fourqubit systems. Our classification is based on the use of generalized Schmidt decomposition (GSD) of pure states of multi-qubit systems. We show that for every possible entangled graph one can find a pure state such that the reduced entanglement of each pair, measured by concurrence, represents the weight of the corresponding edge in the graph. In order to characterize the global entanglement of the state, we use the concept of tripartite and fourpartite concurrences, introduced in [22] , in such a way that a circle including the graph indicates the nonzero global entanglement of the corresponding state.
The paper is organized as follows. In section 2 we present the tripartite concurrence and give a classification of the tripartite pure states. Section 3 is devoted to present a classification of four-qubit pure states. We conclude the paper in section 4, with a brief conclusion.
Classification of three-qubit entanglement
In this section we associate a three-qubit pure state to a weighted entangled graph of order 3. Entangled graphs are structures such that each qubit is represented as a vertex and an edge between two vertices denotes bipartite entanglement between the corresponding qubits. Following the paper [21] we use a circle including the three vertices in order to indicate full tripartite entanglement. We show that for every possible entangled graph one can find a pure state such that the reduced entanglement of each pair, measured by concurrence, represents the weight of the corresponding edge in the graph. In order to characterize the full entanglement of the state we use the tripartite concurrence defined by [22] :
where the bipartite concurrence C A(BC) is defined as C A(BC) = 2(1 − Tr(ρ 2 A )) where ρ A is the reduced density matrix obtained from the whole density matrix ρ by tracing over the two subsystems B and C. Now, our classification is as follows:
1. Fully separable: A pure state |ψ is fully separable or unentangled if it can be written as |φ 1 ⊗ |φ 2 ⊗ |φ 3 . The corresponding graph has three vertices without any edge. All bipartite entanglement as well as the global entanglement of this state is zero, i.e. C 12 = C 13 = C 23 = 0 and C 123 = 0. These states can be represented by a graph of order 3, without any edge (see Fig. (1a) ). Any state which can not be written in fully separable form is entangled and belongs to one of the following categories.
2. Biseparable: A pure state |ψ is biseparable if it is not fully separable and that it can be written as |φ ij ⊗ |φ k for one k ∈ {1, 2, 3}. A representative of this kind of states is given by |ψ = (α|00 + δ|11 ) |0 .
In this case we find for bipartite concurrences C 12 = 2αδ, C 13 = C 23 = 0. This state has not global entanglement and therefore we have C 123 = 0. The corresponding graph has three vertices with only one edge connecting two vertices i and j (see Fig. (1b) ). (Fig. (1c) ): A pure representative of this class is as follows |ψ = α|000 + λ|111 .
Surprisingly, similar to fully separable states, all bipartite entanglement of this state is zero, i.e. C 12 = C 13 = C 23 = 0, but the state has nonzero global entanglement, i.e. C 123 = 2αλ. This state is a GHZ type state.
(b) Three vertices with one edge and a circle includes the graph (Fig. (1d) ): This class has the following representative
In this case for bipartite concurrence we find C 12 = 2αδ, C 13 = C 23 = 0 and for global entanglement we get
(c) Three vertices with two edges and a circle includes the graph (Fig. (1e) ): This class is represented by the following state |ψ = α|000 + β|100 + δ|110 + λ|111 .
The state has two nonzero bipartite concurrences as C 12 = 2αδ and C 23 = 2βλ. The nonzero global entanglement of the state is given by
(d) Three vertices with three edges and a circle includes the graph (Fig. (1f ) ): The last class of this category has the following representative
All bipartite concurrences of this state are nonzero as C 12 = 2αδ, C 13 = 2αγ and C 23 = 2γδ. The state has also a nonzero global entanglement as
. This state is a W type state.
Classification of four-qubit entanglement
In this section we associate a four-qubit pure state to a weighted entangled graph of order 4. In order to characterize the global entanglement of the state we use the fourpartite concurrence defined by [22] :
where C A(BCD) and C AB(CD) are defined as C A(BCD) = 2(1 − Tr(ρ 2 A )) and C AB(CD) = 
Fully separable:
A pure state |ψ is fully separable if it can be written as |φ 1 ⊗ |φ 2 ⊗ |φ 3 ⊗ |φ 4 . All bipartite entanglement as well as the tripartite and global entanglement of this state are zero, i.e. C ij = 0, C ijk = 0 and C 1234 = 0. The corresponding graph has four vertices without any edge (see Fig. (2a) ). Any state which can not be written in fully separable form is entangled and belongs to one of the following categories.
2. Tri-separable: A pure state |ψ is tri-separable if it is not fully separable but it can be written as |φ ij ⊗ |φ k ⊗ |φ l for k, l ∈ {1, 2, 3, 4}. A representative for this type of states is as |ψ = (α|00 + λ|11 ) |00 .
Only one bipartite concurrence of this state is nonzero, i.e. C 12 = 2αλ and C 13 = C 14 = C 23 = C 24 = C 34 = 0. This state has also a zero global entanglement C 1234 = 0. The corresponding graph of this category has four vertices with only one edge (see Fig.  (2b) ).
3. Biseparable A pure state |ψ is bi-separable if it is not three-separable and that it can be written as |φ ijk ⊗ |φ l for one l ∈ {1, 2, 3, 4} or as |φ ij ⊗ |φ kl for one kl ∈ {12, 13, 14, 23, 24, 34}. For the former, the global entanglement is zero and the following classes are defined (see Figs (2c)-(2f) ).
(a) Four vertices without any edge, but a circle includes three of vertices (Fig. (2c) ):
A pure state representative of this class is as follows
All bipartite concurrences as well as global entanglement of this state are zero, i.e. C ij = 0 and C 1234 = 0, but the system has entanglement through three vertices 2,3,4, i.e. C 234 = 0.
(b) Four vertices with only one edge and a circle includes three of vertices (Fig. (2d) ):
The pure state representative of this class is as
This state has zero value for all but one bipartite concurrences as C 23 = 2ǫν. Also the global entanglement of the state is zero but the entanglement through three vertices 2,3,4, is nonzero, i.e. C 1234 = 0, C 234 = 0. (Fig. (2e) ): The pure state representative of this class is as |ψ = |1 (ǫ|000 + λ|100 + ν|110 + ω|111 ) .
(c) Four vertices with two edges and a circle includes three of vertices
The nonzero bipartite concurrences of this state are C 23 = 2ǫν, C 34 = 2λω. The state has also zero global entanglement, i.e. C 1234 = 0, but nonzero tripartite entanglement C 234 = 0. (Fig. (2f ) ) :
(d) Four vertices with three edges and a circle includes three of vertices
The nonzero bipartite concurrences of this state are as C 23 = 2ǫν, C 24 = 2ǫµ, C 34 = 2µν. This state has again a zero global entanglement C 1234 = 0 and a nonzero tripartite entanglement C 234 = 0.
4. Fully inseparable A pure state |ψ is fully inseparable if it is not separable, triseparable or bi-separable. This category has nonzero global entanglement, i.e. C 1234 = 0, and has the following classes (see Figs. (2g)-(2q) ).
(a) Four vertices without any edge, but a circle includes the graph (Fig. (2g) ): A pure state representative of this class is as follows
All bipartite concurrences of this state are zero, i.e. C ij = 0, but the state has nonzero global entanglement C 1234 = 2αω. This state is a GHZ type state.
(b) Four vertices with one edge and a circle includes the graph (Fig. (2h) ): This class has the following representative
The only nonzero bipartite concurrence is C 23 = 2κµ. Also the state has nonzero global entanglement C 1234 = 0. (c) Four vertices with two edges and a circle includes the graph (Fig. (2i) ): This class has the following representative
In this case two nonzero bipartite concurrences are C 13 = 2αη and C 23 = 2κµ. The state has also a nonzero global entanglement C 1234 = 0. (d) Four vertices with two edges and a circle includes the graph (Fig. (2j) ): This class has the following representative
The state has two nonzero bipartite concurrences as C 13 = 2αη and C 24 = 2ηω. This state has also a nonzero global entanglement C 1234 = 0. (e) Four vertices with three edges and a circle includes the graph (Fig. (2k) ): This class has the following representative
The state has three nonzero bipartite concurrences as C 23 = 2(κµ − αν), C 24 = 2(κν −αµ) and C 34 = 2(µν −ακ). The state has also a nonzero global entanglement C 1234 = 0. (f) Four vertices with three edges and a circle includes the graph (Fig. (2l) ): This class has the following representative
In this case three nonzero bipartite concurrences are equal and given by C 12 = C 13 = C 14 = 2αζ. The state has also a nonzero global entanglement C 1234 = 0. (g) Four vertices with three edges and a circle includes the graph (Fig. (2m) ): This graph has the following pure state representative
Three nonzero bipartite concurrences are as C 12 = 2αλ, C 23 = 2κµ and C 34 = 2λω. Again the state has also a nonzero global entanglement C 1234 = 0.
(h) Four vertices with four edges and a circle includes the graph (Fig. (2n) ): This class has the following representative
This state has four nonzero bipartite concurrences as C 12 = 2αλ, C 14 = 2αζ, C 23 = 2κµ and C 24 = 2ζλ. The state has also a nonzero global entanglement C 1234 = 0.
(i) Four vertices with four edges and a circle includes the graph (Fig. (2o) ): This class has the following representative
In this case we find four nonzero bipartite concurrences as C 13 = 2αη, C 14 = 2αζ, C 23 = 2ζω and C 24 = 2ηω. The state has also a nonzero global entanglement C 1234 = 0.
(j) Four vertices with five edges and a circle includes the graph (Fig. (2p) ): This class has the following representative
In this class we have five nonzero bipartite concurrences as C 13 = 2αη, C 14 = 2αζ, C 23 = 2ζω, C 24 = 2ηω and C 34 = 2(ζη − αω). The state has also a nonzero global entanglement C 1234 = 0.
(k) Four vertices with six edges and a circle includes the graph (Fig. (2q) ): This class has the following representative |ψ = α|0000 + ζ|1001 + η|1010 + λ|1100 .
All bipartite concurrences are nonzero and given by C 12 = 2αλ, C 13 = 2αη, C 14 = 2αζ, C 23 = 2ηλ, C 24 = 2ζλ and C 34 = 2ζη. This state has also nonzero global entanglement C 1234 = 0. This state is a W type state.
Conclusions
We have used the concept of entangled graphs with weighted edges and have presented a classification of three-qubit and four-qubit entanglement. In graph representation of pure states each qubit of a multi-qubit system is represented by a vertex and an edge between two vertices denotes bipartite entanglement between the corresponding qubits. The nonzero concurrence of the two-qubit reduced density matrix indicates that the entanglement of the state is robust against the disposal of remaining particles and have represented by an edge connecting the corresponding vertices. In this classification, we have used the generalized Schmidt decomposition and have shown that for every possible entangled graph one can find a pure state such that the reduced entanglement of each pair, measured by concurrence, represents the weight of the corresponding edge in the graph. Using the concept of tri-concurrence and four-concurrence, we have characterized the global entanglement of the tripartite and fourpartite pure states, respectively. The presence of global entanglement of the pure state has been represented by a circle including the corresponding graph.
